This study extends and evaluates the forecasting performance of the Singular Spectrum Analysis (SSA) technique using a general non-linear form for the recurrent formula. In this study, we consider 24 series measuring the monthly seasonally adjusted industrial production of important sectors of the German, French and UK economies. This is tested by comparing the performance of the new proposed model with basic SSA and the SSA bootstrap forecasting, especially when there is evidence of structural breaks in both in-sample and out-of-sample periods. According to root mean-square error (RMSE), SSA using the general recursive formula outperforms both the SSA and the bootstrap forecasting at horizons of up to a year. We found no significant difference in predicting the direction of change between these methods. Therefore, it is suggested that the SSA model with the general recurrent formula should be chosen by users in the case of structural breaks in the series.
Introduction
Singular Spectrum Analysis (SSA) is a powerful method of non-parametric time series analysis and forecasting. In the last 20 years, there has been much interest to develop and apply this technique to a wide range of applications, ranging from mathematics and signal processing to meteorology, economics and market research (see, for example [5] , [15] and [10] ). The SSA method is based on decomposing the time series into the three components of trend, harmonics and noise. The method then reconstructs the original series and computes the forecasts based on the reconstructed series. The main advantage of SSA is the ability to forecast a series which is not normally distributed and have complex seasonal components and non-stationary trend. Thus the method can be used without making statistical assumptions such as stationarity and normality of the data and residuals. A thorough description of the theoretical and practical foundations of the SSA method can be found in the books by [3] and [6] .
Index of Industrial Production (IIP) and its components are the most widely used time series by policymakers and economists and therefore their accurate forecasts are of great importance. Franses and Van Dijk [4] examined the forecasting performance of various models, using quarterly industrial production data of 18 countries; they found that ARIMA models generally performed well in the short-term out-of-sample forecast. However, for longer horizons nonlinear, more complex models provide more accurate forecasts. They concluded that none of the methods employed in their study gave totally satisfactory results and thus they advised the use of forecast combination. Heravi et al. [13] compared the performance of Artificial Neural Networks and linear forecasts, using seasonally unadjusted monthly industrial production indices for eight important sectors of the economies of the United Kingdom, France and Germany.
They found some evidence of non-linearity in the data and concluded that nonlinear models, such as neural networks, dominate linear models in the prediction of direction of change but not in actual forecasting performance at horizons of up to a year. Hassani et al. [11] extended the data on industrial production used by [13] and compared the performance of SSA with that of Holt-Winters and ARIMA. Based on RMSE, they concluded that the three methods performed similarly for short term forecasting, but SSA performed better than ARIMA and Holt-Winters models at the longer horizons. They also noted that SSA performed well for short time series and that all three methods similarly predicted well the direction of change points. Dahl and Hylleberg [2] evaluated the out-of-sample accuracy of non-linear models and compared them with linear models using various measures, concluding that in general, non-linear models outperformed the linear models. Patterson et al. [17] also applied and showed the benefits of using the Multivariate SSA for real time forecasting revisions on the UK index of industrial production data. A full review of the application of SSA for Economic and Financial time series is given in [12] .
Priestley [18] developed a general class of time series model called statedependent models. This model includes non-linear as well as the standard linear time series models. In this study we mainly follow the method used in [18] and extend the Singular Spectrum Analysis technique by considering a more general form of the recurrent formula. We update the parameters obtained by the optimal SSA (bootstrap SSA) in the out-of-sample forecast period, relating them to past values of the observed process. This study examines the impact of updating the parameter estimates within the forecast period.
The paper is organized as follows: In section 2, a brief description of the Singular Spectrum Analysis technique and the bootstrap SSA are given. Section 3 extends the SSA and describes the algorithm for updating the coefficients based on the general recurrent formula. Section 4 outlines the data used in the study and apply Bai and Perron test to detect the structural breaks in the data. Section 5 presents the empirical results and discusses the findings. Some conclusions are drawn in section 6.
SSA and Bootstrap SSA
This section gives a brief description of Singular Spectrum Analysis. SSA is a method that decomposes the original series into a number independent components, namely, trend, periodic and noise components. SSA consists of two stages, decomposition and reconstruction. The first stage decomposes the times series and the second stage reconstructs the decomposed series and obtain forecasts via a linear recurrent formula.
Decomposition
In the decomposition stage, SSA first organizes the one dimensional times series data into a multidimensional series, by selecting a vector of L observations and moving this throughout the sample. This procedure is called embedding and results in the trajectory matrix, X, with dimensions of L by
The "window length" L is an integer between 2 and N and needs to be set in the decomposition stage. Choice of L depends on the structure of the data and no single rule for L can cover all applications. However, in general L should be proportional to the periodicity of the data, large enough to obtain sufficiently separated components but not greater than N/2. Full discussion of the choice of this parameter is given in [6] .
In the second step, the trajectory matrix X is decomposed into the sum of d elementary matrices:
where, 
Reconstruction
To distinguish the signal from the noise, we need to separate the elementary matrices into two sets of I = {1, 2, . . . , r} and its complementĪ = {r + 1, r + 2, . . . , d}. The first r elementary matrices X 1 , . . . , X r which approximate the original matrix X are used to construct the signal, the rest considered as noise.
The contribution of the first r elementary matrices X 1 , . . . , X r is measured by the share of the corresponding eigenvalues, 
Forecasting
In order to perform forecasting with SSA, the time series has to approximately satisfy the linear recurrent formula given by
where vector {φ}
j=1 is a sequence of constant coefficients and should be determined. In SSA the recurrent coefficients φ j , j = 1, . . . , L − 1, are obtained
where
) and π i is the last component of U i ; and define Π = r i=1 π 2 i < 1. The recurrent coefficients are then obtained as:
Once the recurrent coefficients φ j , j = 1, . . . , L − 1 are determined, the dynamic forecasts can be simply obtained by applying the recurrence formula.
Within the estimation sampleŷ t , the fitted values of y t , are just the same as the reconstructed seriesỹ t ;ŷ t =ỹ t for t = 1, 2, . . . , N .
Bootstrap SSA
A forecasting method can be assessed either by Monte Carlo simulations or bootstrap. However, the Monte Carlo simulations can be applied in situations when the true model is known. In SSA, the true model for the signal is not known before filtering and reconstruction, and thus the bootstrap procedure is applied to obtain the statistical properties of the forecasts and construct interval estimates.
Assume that we have a time series which consists of two components Y N = Average bootstrap forecasts can then be computed from the sampleŜ N +h,i
(1 ≤ i ≤ N ) of these forecastsŜ N +h and be compared with the forecasting results obtained by the basic SSA. Large discrepancy between these two forecasts would typically indicate that the original SSA forecasts are not reliable.
SSA Using a General Recurrent Formula
Priestley [18] developed a general class of time series models, called State Dependent Models (SDM), which includes non-linear time series models and standard linear models as special cases. The principal advantage of SDM is that it is flexible and can be fitted without any specific prior assumption about the parameters. This is not only useful in itself, but may give an indication of specific type of non-linearity and structural breaks in the data, or even, indeed, whether a linear model with constant coefficients might prove to be equally satisfactory. A more extensive discussion and identification of these general models is given in [18] . An extensive study of the application of state-dependent models to real and simulated data is given in [7] and its extension to non-linear dynamical systems is studied by [19] . In this section we extend SSA with the linear recurrent formula to a general state dependent form. We explain how the estimated coefficients of the linear recurrent formula obtained by SSA within the sample period can be recursively updated in the forecast period. Consider the following linear recurrent formula given in equation (2) 
where {φ That is, the only information in the past of the process relevant to the future development of the process which is contained in the state-vector. The SDM extends the idea of the linear recurrent formula by allowing the coefficient of model (4) to become functions of the state-vector Y t−1 , leading to the general recurrent formula model:
This model possesses a considerable degree of generality and also, as a special case, it includes the standard linear recurrent model.
Recursive Estimation of SSA with a General Recurrent Formula
In this section, we are concerned with updating and estimation of the pa- (5) in the forecast period. However, these coefficients depend on the state vector Y t−1 , and the estimation problem thus becomes the estimation of the functional form of this dependency. In order to estimate these coefficients, a recursive method similar to that of [8] is used.
Priestley [18] has shown it is possible to carry out the estimation procedure based on the extended Kalman Filter algorithm. However, there are also some assumptions about parameters [14] . The simplest non-trivial assumption which can be made is that the parameters are represented locally as linear functions of the state-vector Y t . Provided {φ u }, are slowly changing functions of Y t , this assumption is valid. Using these assumptions, updating equations for the parameters may be written as:
where ∆y t−u = y t−u − y t−u−1 and γ u is the gradient. 1 The gradient parameters
L−1 are unknowns, and must be estimated. The basic strategy is to allow these parameters to wander in the form of random walks. The random walk model for the gradient parameters may be written in matrix form as:
while B t = (γ
L−1 ) and V t is a sequence of independent matrix-valued random variables such that V t ∼ N (0, Σ V ). The estimation procedure then determines, for each t, those values of B t , which roughly speaking, minimise the discrepancy between the observed value of y t+1 and its predictorŷ t+1 , computed from the model fitted at time t. The algorithm is thus sequential in nature and resembles the procedures used in the Kalman filter algorithm [14] . Following [18] and with some modifications, we can re-write the general recurrent model in a state-space form in which the state-vector is no longer Y t , but is replaced by the state-vector:
i.e., θ t is the vector of all current parameters of the model. Applying the Kalman algorithm to the reformulated equations yields the recursion
where ∆y t−u = (y t−u − y t−u−1 ); u = 1, . . . , L − 1, and K * t , the Kalman gain matrix, is given by:
Φ t being the variance-covariance matrix of the one-step prediction error of θ t , i.e.
and σ 2 e is the variance of the one-step ahead prediction error of y t , i.e., σ 2 e is the variance of e t = y t − H * t F * t−1θ t−1 . If C t is the variance-covariance matrix of (θ t −θ t ), then successive values ofθ t may be estimated by using the standard recursive equations for the Kalman Filter as:
Using the parameters estimated via the SSA (bootstrap SSA) technique with window length L, this recursive procedure will be started at the beginning of the forecast period, with the initial estimated coefficients as:
and the residual variance of the modelσ 2 ǫ and
If it is assumed that the values of the parameters obtained within the sample period for the linear recurrent formula are optimal, it also seems reasonable to set all the gradients to zero initially. It remains to choose reasonable values for As mentioned before, the gradient parameters γ
L−1 are treated as random walks with respect to time, the variance of the innovation term in the random walk being flexible and determined by the smoothing factor chosen by the user. As suggested in [7] , we also select the smoothing factor in the range of 10 −3 to 10 −6 in this study.
Descriptive Statistics and Structural Breaks of the Data
The data used in this study are taken from I.N.S.E.E (Institute National de la Statistiuqe et des Etudes Economiques) for France, from Statistisches Bundesamt, Wesbaden for Germany and from the Office for National Statistics (ONS) for the UK and represents eight major components of real industrial production in France, Germany and the UK. The series are seasonally adjusted monthly indices for real output in electricity and gas, chemicals, fabricated metals, vehicle, food products, basic metals, electrical machinery and machinery.
The eight series examined are interesting, important and reflect diverse types of industries, ranging from traditional industrial sectors such as machinery and basic metals to electricity/gas and food products. Although we consider only eight of the two digit industries in this study, these eight industries account for more than 50% of the total industrial production in each country. The same eight industries have been considered by [13] , [11] and [16] .
In all cases our sample period ends in February 2014. However, the data for reporting the growth/decline for the whole period, we also report the monthly percentage changes before and after the break points for each series. Overall all significant at 1% level except electricity/gas for Germany and food products for all the three countries. 
Forecasting results
We now turn to an issue of central interest in this paper, namely the evalua- However, since these measures give quantitatively similar results and to conserve space, we only report the RMSE, as this is the most frequently quoted measure in forecasting [20] . Tables 4,5 and 6 show the out-of-sample RMSE and the ratio of RMSE (RRMSE) results for France, Germany and the UK. The ratio of RMSE here defined as
Whereŷ T +h,i is the h-step ahead forecast obtained by SSA forecasting and y T +h,i is the h-step ahead forecast from either Bootstrap SSA or General SSA and N is the number of forecasts. If RRMSE < 1.0 then the general SSA outperform the SSA. Using the modified Diebold-Mariano statistics, given in [9] , we also test for the statistical significance of the results. Average RRMSE is also given for each horizon at the bottom of each table.
In order to obtain the average bootstrap forecasts we have replicated the procedure 1000 times. The results show no evidence of any statistical difference between the SSA and the Bootstrap SSA, and in fact, they are very similar for all the horizons and all the three countries. Comparing the GSSA with the SSA, the results are significant for almost all the horizons and all the three countries.
However, the quality of the forecast with general SSA is much better for h =1,3 and 6 and less significant for h =12. The general SSA technique outperforms SSA and reduces the RMSE by 40% for France and Germany and 28% for the UK. The improvements for h =12 are 10% for France and Germany and 18%
for the UK. We also compute and report the percentage of forecasts that correctly predict the direction of change. Here the direction of change is interpreted in terms of monthly growth or decline in production over one month period in a particular sector. Tables 4,5 , average for all the series is given for h =1,3,6 and 12 for each country. The percentage of the correct signs are not much higher than 50% and there is no evident prevalence of any particular forecasting method. This is due to the rapid monthly changes in production using the seasonally adjusted data, which makes it very difficult for all the three methods to correctly predict sign of growth in these series. 
Discussion and Conclusions
This study has proposed a General Singular Spectrum Analysis (GSSA) model and compared its performance with the basic SSA and bootstrap SSA for forecasting seasonally adjusted monthly data on industrial production indicators in France, Germany and UK. We found strong evidence that the modified SSA technique with the general recurrent formula performs substantially better than SSA and Bootstrap SSA methods for these production series according to the conventional RMSE criterion. Table 7 presents the summary statistics of the RMSE, RRMSE, number of significant cases and percentage of the correct sign forecasts computed across all series and countries. The results indicate the superiority of using the general SSA technique for out-of-sample forecasting, with overall reduction of 28% according to RMSE criterion. The results also
show that the improvement is 36% for one step-ahead forecast, h=1, decreasing to 13% as h increases to 12 months ahead. Comparing GSSA forecasts with SSA, GSSA outperforms SSA significantly 22, 14, 12, and 9 times (out of 24 cases) at h=1,3,6 and 12 horizons respectively at 1% level. The last column in Table 7 shows the number of significant cases and indicates that for all the horizons and across all the countries, GSSA outperforms SSA significantly at 1% level in 60% of cases (57 out of 96 cases). The graph of the cumulative density function also confirms the findings, showing that the errors obtained by the general SSA are stochastically smaller than the errors obtained by other models for h=1,3 and 6. Our study finds similar percentage of forecasts of the correct sign for all the horizons. This is the case within each country, as well as being true overall, with only slightly more than 50% of the correct sign for all the models. This, however, due to rapid monthly changes in the sign of growth for these seasonally adjusted series. Therefore, we found no clear advantage for forecasting the direction of future monthly growth for these seasonally adjusted series by any of the three methods. The results obtained in this study are promising indications that using a more general form for the recurrent formula in the forecast period would produce better forecasts. We are currently studying the forecasting performance of another recurrent formula given by :
The difference between the original recurrent formula (4) used in basic SSA and this model is that (18) has an additional parameter, φ 0 called mean or adjustment parameter . In this model only φ 0 is determined by the past values {y t−1 , . . . , y t−(L−1) } and updated recursively in the out-of-sample forecast period. The other parameters φ 1 , φ 2 , . . . , φ L−1 remain constant in the forecast period, the same as those obtained by the optimal SSA approach within the sample period.
